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SUMMARY 
Using the  l i f t i n g  surface theory and the a c c e l e r a t i o n  p o t e n t i a l  method f o r  
the f l o w  f i e l d  o f  an a x i a l  turbo-compressor stage, a r e c u r s i v e  and a d i r e c t  
method a r e  presented t h a t  make use of t he  e igen func t i on  s o l u t i o n s  o f  t h e  i s o -  
l a t e d  r o t o r  and s t a t o r  t o  so lve f o r  the r o t o r - s t a t o r  i n t e r a c t i o n  problem. The 
n e t  pressure d i s t r i b u t i o n  on the  r o t o r  and s t a t o r  blades i s  represented by mod- 
i f i e d  Birnbaum ser ies,  whose c o e f f i c i e n t s  a r e  determined us ing a m a t r i x  proce- 
dure and s a t i s f y i n g  the boundary condi t ions on the  sur face o f  the blades. The 
r e l a t i o n  between the m a t r i x  operators o f  t he  r e c u r s i v e  and the  d i r e c t  methods 
i s  a l s o  shown. 
a x i a l  and t a n g e n t i a l  forces on t h e  blade, t he  r o t o r  power requi red,  and the 




Expressions have been g i ven  f o r  the blade c i r c u l a t i o n ,  t he  
1 .  INTRODUCTION 
i *  
~. 
The performance es t ima t ion  o f  a turbomachine stage requ i res  the aerody- 
namlc c h a r a c t e r i s t i c s  o f  the r o t o r  and the  s t a t o r  i n c l u d i n g  t h e i r  mutual 
I n t e r a c t i o n .  l h e  purpose o f  t h l s  paper i s  t o  discuss the  aerodynamics o f  a 
r o t o r - s t a t o r  combination i n  a turbomachine. l h e  spacing between the adjacent 
blade rows o f  a turbomachine i s  genera l ly  small  compared t o  the  b lade chord. 
Hence, the  aerodynamic i n t e r f e r e n c e  between the  r o t o r  and s t a t o r  b lade rows may 
be expected t o  be s i g n i f i c a n t  and needs t o  be inc luded f o r  an accurate a n a l y s i s  
o f  the stage aerodynamic behavior.  E x i s t l n g  theo r ies  l i k e  those o f  McCune 
( r e f .  l ) ,  Namba ( r e f .  2 ) .  Schulten ( r e f .  3) and others consider on l y  a s i n g l e  
annular row o f  blades w h i l e  o the r  theor ies l i k e  t h a t  o f  Kaj1 and Okazaki 
( r e f .  4) consider two adjacent two-dimensional i n f i n i t e  cascades. Hence, a 
method i s  requ i red  f o r  c a l c u l a t i n g  the aerodynamic f l o w  f i e l d  due t o  t h e  the  
simultaneous presence o f  t w o  rows o f  c l o s e l y  spaced annular cascades and I s  
o u t l i n e d  i n  the f o l l o w i n g .  
Since the chordwlse and r a d i a l  pressure d i s t r i b u t i o n  on the r o t o r  and 
s t a t o r  blades can be represented by a Birnbaum ser ies,  the h e a r t  o f  t h e  l i f t i n g  
This paper Is  declared a work of the U.S. Covrrnmcnl and Is 
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sur face  method i s  the de terminat ion  o f  t h e  c o e f f i c i e n t s  o f  these se r ies .  I n  
re fe rence 5, these c o e f f i c i e n t s  were determined d i r e c t l y  by s a t i s f y i n g  f l o w  
tangency cond i t i ons  on t h e  upper and lower surfaces o f  t h e  r o t o r  and s t a t o r  
blades simultaneously. 
b lade load ing  and the d i s c r e t e  frequency no ise  f i e l d  a t  t h e  opera t i ng  p o i n t .  
I t  was poss ib le  t o  o b t a i n  t h e  parameters governing the  
I n  the  fo l l ow ing ,  a r e c u r s i v e  scheme f o r  de termin ing  t h e  f l ow  f i e l d  by 
combining the  so lu t ions  o f  t he  i s o l a t e d  r o t o r  and s t a t o r  w i l l  be o u t l i n e d .  
Consequently, t h e  procedure f o r  c a l c u l a t i n g  t h e  o f f - d e s i g n  performance o f  a 
g iven r o t o r - s t a t o r  combination i s  g r e a t l y  s i m p l i f i e d .  The recu rs i ve  procedure 
descr ibed here enables one t o  determine the  Birnbaum c o e f f i c i e n t s  o f  t he  r o t o r -  
s t a t o r  combination t o  any des i red  order  o f  approximation. I t  i s  p o s s i b l e  t o  
es t imate  the  aerodynamic i n t e r f e r e n c e  between t h e  two b lade rows by t h i s  
procedure. 
A s imple and d i r e c t  method which solves f o r  t h e  f l o w  f i e l d  o f  t h e  r o t o r  
and s t a t o r  simultaneously i s  a l s o  i nd i ca ted .  
I n  sec t i on  2, a b r i e f  o u t l i n e  o f  t he  r e s u l t s  o f  t he  a c c e l e r a t i o n  p o t e n t i a l  
method f o r  d e a l i n g  w i t h  t h e  r o t o r - s t a t o r  problem i s  given. 
bas ic  s o l u t i o n s  t o  the r o t o r  and s t a t o r  a r e  obtained by s o l v i n g  a nonhomo- 
geneous problem g i v i n g  the  pressure d i s t r i b u t i o n  over t h e  respec t i ve  blades 
i g n o r i n g  aerodynamic i n t e r f e r e n c e  e f f e c t s .  These bas ic  c o e f f i c i e n t s  a r e  modi- 
f i e d  t o  c o r r e c t  f o r  t h e  i n t e r f e r e n c e  e f f e c t s  i t e r a t i v e l y .  The recurrence pro- 
cedure used t o  c a l c u l a t e  the  Birnbaum se r ies  c o e f f i c i e n t s  by s a t i s f y i n g  t h e  
sur face  boundary cond i t ions  on the  blades i s  discussed i n  s e c t i o n  3 which a l s o  
conta ins  a d i r e c t  method f o r  the  same purpose. The es t ima t ion  o f  t h e  r o t o r -  
s t a t o r  aerodynamic i n t e r f e r e n c e  i s  contained i n  s e c t i o n  4. I n  s e c t i o n  5, a d i s -  
cussion o f  the  equations f o r  o b t a i n i n g  the  c i r c u l a t i o n  d i s t r i b u t i o n  over the  
blades, t he  a x i a l  and tangen t ia l  fo rces  and t h e i r  d i s t r i b u t i o n ,  t he  s h a f t  power 
absorbed by t h e  r o t o r  and the  upwash f i e l d  o f  t h e  stage. 
I n  s e c t i o n  3, t he  
2. E IGENFUNCl IONS OF THE R O I O R  AND STATOR 
I n  t h i s  section, a b r i e f  procedure f o r  o b t a i n i n g  the  f l o w  f i e l d  o f  t h e  
r o t o r  and s t a t o r  using a d i s t r i b u t i o n  o f  acous t i c  monopole and d i p o l e  f ow s i n -  
g u l a r i t i e s  on the  blade sur face  i s  o u t l i n e d .  The r o t o r  and s t a t o r  w i t h  Tr 
and Ys blades, respec t ive ly ,  a re  considered t o  be s i t u a t e d  i n  an unsteady, 
i n v i s c i d  compressible f l o w  f i e l d  w i t h  the r o t o r  placed upstream of t he  s t a t o r .  
The incoming f lows f o r  the  r o t o r  and s t a t o r  a r e  assumed t o  vary  harmon ica l l y  
w i t h  the  respec t i ve  f requencies or and os. The pe r tu rba t i ons  produced by 
t h e  stage a re  considered t o  be small  compared w i t h  the  mean f l o w  Wa 
the  l i n e a r i z e d  equations o f  mot ion i n  th ree  dimensions may be used t o  represent  
t h e  r o t o r  and s t a t o r  blades us ing  s u i t a b l e  acous t ic  s i n g u l a r i t i e s .  A coo rd ina te  
system r o t a t i n g  w i t h  t h e  r o t o r  blades i s  chosen w i t h  respec t  t o  which t h e  f ree  
stream has t h e  mean v e l o c i t y  components 
so  t h a t  
i n  the  c y l i n d r i c a l  coordinate system. The a x i a l  v e l o c i t y  Wa 1s assumed t o  
be constant through the  stage. R e l a t i v e  t o  the  r o t a t i n g  coo rd ina te  system 
2 
fixed to the rotor, 
mately to the value obtained from the stage velocity diagram and has the 
components 
the inlet condition to the stator corresponds approxi- 
Since the chordwise and radial pressure distribution on the rotor and the 
stator blades is represented by a Blrnbaum series, the heart of the lifting 
surface method is the determination of the coefficients of this series. In an 
earlier paper, the linearized aerodynamics of the combined rotor-stator system 
of an axial turbomachine for a uniform free stream using an acceleration poten- 
tial representation was determined directly. A Green's function was introduced 
to satisfy the linearized differential equation for the rotor and stator. The 
radial variation of the Green's function for the rotor follows a Bessel's dif- 
ferential equation. 
term Wa tan a2r introduced by the rotor due to its exit blade angle a2r, the 
radial variation of the Green's function is governed by a Whittaker differential 
equation. To make use of convenient orthogonality properties, this equation is 
transformed into the Laguerre differential equation. The Bessel and the gener- 
alized Laguerre and Kummer functions are used as the orthonormal basis func- 
tions to form the rotor and stator pressure eigenfunctions for the subsequent 
lifting surface theory. 
face distribution of acoustic dipoles. The normalized radial pressure eigen- 
function of the pulsating acoustic unit pressure monopoles on the rotor and 
stator may be shown (ref. 5) to be 
For the stator, due to the presence of a constant swirl 
The rotor and stator blades are represented by a sur- 
'kP( '1 
where gka(rl) i s  the normalized cylinder function in which 
Bessel functions of the first and second kind respectively; qkQ(r1) is the 
normalized stator eigenfunction in which LLbj(x) and 1Fl(a,b; x) are, respec- 
tively, the generalized Laguerre function and the Kummer fgnctiorI; &Q 
VgkQ are the corresponding eigenvalues to be determined; A ,  B, C, D are con- 
stants; k = 0,+1,+2, ....; Q = 1,2,3, ...; Q = 0,1,2,3, ... . The eigenvalues 
and VikQ are obtained by satisfying the Neumann boundary conditions 
Jk(x), Yk(X) are 
and 
?LkQ 
d@ka/drl = 0 at rl = hr and 1 
dqkQ/drl = 0 at r1 = RsrhS and Rsr 
at both the hub and tip of the rotor and stator. 
surface distribution of pulsating unit pressure dipoles on the isolated rotor 
and stator blades is obtained by differentiating the monopole pressure function 
normal to the surface. 
stator can be shown to be given by 
The pressure field of the 
The resulting pressure field for both the rotor and 
3 
where APr and APs are the net pressure distribution on the rotor and 
stator blades, respectively which are functions of (pr, cpr, Cr) and 
( p s ,  (ps, c S ) .  The functions o* and Y* are defined by 
for subsonic axial flow, M < 1. 
obtained by sumnation over all the Tr rotor blades and likewise, the field of 
the stator has been obtained by summation over all the 9' stator,blades. The 
f nctions fo, f2, $50 and f g ,  9 5 0  are listed in the Appendix; 9 r  = z1 - Cr, 4 = zl - Cs, pr(pr,qr,Cr) and p s ( p s , c p s , C s )  are the respective locations of 
the dipoles on the rotor and stator blades. 
The radial and chordwise distribution of pressure on a blade of the rotor 
and the stator i s  assumed to be given by the Glauert-Blrnbaum series modulated 
radially by the corresponding radial eigenfunction. The Birnbaum N series coef- 
ficients are assumed to be independent of the elgen-numbers a ,  k, a .  Assuming 
that the thickness and camber effects are linearly superposable within the 
limits of the linear theory used here, the net pressure distribution on the 
rotor and stator blades can be written as 
The pressure field Pr of the rotor has been 
4 
These a r e  w r i t t e n  i n  t h e  m a t r i x  form 
where n , d , A f  denote t h e  vectors  
- 
) 
- n = (cot t , s in  Z, s i n  2 ~ ,  ..., s i n  mo, ... 
The s u p e r s c r i p t  T i n d i c a t e s  the transpose o f  t h e  m a t r i x  and I s  t h e  
G lauer t  angle parameter f o r  t h e  chordwise p o s l t i o n  
system shown i n  ( f i g .  1) .  The coordinates Y r  and ys o f  t h e  r o t o r  and 
s t a t o r  a r e  def ined by 
y ’ ,  i n  the  b lade coo rd ina te  
I I - - 
yr = -c cos OR -c < yr 5 i. CR 0 L o r i u  R r -  
(2.10) 
1 I - - 
o < o  c w  s -  ys = +cs cos os -c s -  < ys 5 + cs - 
I n  order t o  s a t i s f y  the boundary cond i t i ons  on t h e  blade surfaces, i t  i s  
necessary t o  c a l c u l a t e  the r e s u l t a n t  v e l o c i t y  a t  a p o l n t  on t he  blade sur face.  
This i s  done by us ing t h e  unsteady equation o f  mot ion i n  a h e l i c a l  coo rd ina te  
system ( f i g .  2) and i n t e g r a t i n g  t h e  p e r t u r b a t i o n  pressure along the  undis turbed 
s t reaml ine  d i r e c t i o n  ( r e f .  2) assuming t h a t  t h e  pressure and t h e  associated 
v e l o c l t i e s  a l s o  vary harmonlca l ly  i n  t lme. 
3. THE BASIC SOLUTION 
The Birnbaum c o e f f i c i e n t  vectors in t roduced i n  s e c t i o n  2 a r e  unknown and 
have t o  be determined by s a t i s f y i n g  the  approp r ia te  cond i t i ons  on t h e  b lade 
surfaces. The procedure f o r  c a l c u l a t i n g  the  r e s u l t a n t  v e l o c i t y  a t  any p o i n t  i n  
the  f l o w  f i e l d  o f  the r o t o r  and s ta to r  i s  descr ibed i n  t h i s  sec t i on .  F rom t h i s  
the  b lade sur face cond i t i ons  can be obtained. We s h a l l  denote a d o )  and d o )  
t o  be the  bas ic  Birnbaum c o e f f i c i e n t  vectors  of t h e  i s o l a t e d  r o t o r  and s t a t o r ,  
so t h a t  mutual i n t e r f e r e n c e  e f f e c t s  a r e  absent. I n  subsonic f low,  these coef-  
f i c i e n t s  w i l l  be per turbed by aerodynamic i n t e r f e r e n c e  e f f e c t s  when t h e  r o t o r  
and s t a t o r  a r e  juxtaposed t o  form a stage. The r e s u l t i n g  Birnbaum c o e f f i c i e n t s  
o f  r o t o r - s t a t o r  combination w i l l  be denoted by at and a .  The bas ic  c o e f f i -  
c i e n t s  d o )  are  determlned by s a t i s f y i n g  t h e  sur face boundary con- 
d i t i o n s  on t h e  r o t o r  and s t a t o r  blades. As t h e  s t a t o r  approaches t h e  r o t o r ,  the 
induced v e l o c i t y  due t o  the  s t a t o r  d i s t u r b s  the  sur face boundary c o n d i t i o n s  on 
t h e  r o t o r .  
and d o )  
Hence, the  r o t o r  Birnbaum c o e f f i c i e n t s  d o )  must be changed t o  
5 
s a t i s f y  the  surface cond i t ions  again.  
c i e n t s  @(o)  
Likewise, t he  s t a t o r  Birnbaum c o e f f i -  
must  be changed due t o  the  r o t o r  i n te r fe rence  f i e l d .  
When t h e  r o t o r  and s t a t o r  blades a re  kept  i n  i s o l a t i o n ,  t h e  r e s u l t a n t  
v e l o c i t y  d~ and 8s a t  t h e  b lade sur face  can w r i t t e n  i n  t h e  respec t i ve  b lade 
coord ina te  systems as 
s i n  e COS e 0 
sin ar cos e - s i n  a r s i n  e COS a 1 1 'h] 
-cos ar cos 8 cos ar s i n  e s i n  ar 
s i n  e cos e 0 
's in a r cos e - s i n  a r s i n  e cos as] fl t c p t  ;$ 
-cos as cos 8 cos a S s i n  e s i n  a S Y z  + A r s  
(3.1 1 
T 
where st and Q are  t h e  vectors  o f  Birnbaum c o e f f i c i e n t s  and t h e  func t i ons  
' X i ,  X2, X3, Y l ,  Y2, Y3 are  l i s t e d  below. 
6 
The funct ions F1, 92 ,  F 3 ,  F4, Fs, f6. K r ,  K s  a r e  de f i ned  i n  t h e  Appen- 
d i x .  F igu re  A 1  shows t h e  angles qr, cpr f o r  t he  r o t o r  and l j k e w i s e  VS, cps 
on t h e  s t a t o r .  If R i ( r i ,  e l ,  z i )  and S i ( r i ,  e l ,  z i )  denote t h e  vector  pos i -  
t i o n s  of  a s e t  of p o i n t s  on t h e  r o t o r  and s t a t o r ,  t he  r e s p e c t i v e  Birnbaum coef-  
f i c i e n t s  a r e  determined by s a t i s f y i n g  t h e  boundary c o n d i t i o n s  a t  these p o i n t s  
on b o t h  t h e  upper and lower surfaces. I f  z '  = z ' ( y ' )  i s  the equat ion o f  t he  
blade p r o f i l e  i n  the  blade coordinate system, the f l o w  tangency c o n d i t i o n  i s  
expressed as T = ( d z ' / d y I )  = (u,~/Uy').  Denoting by 9'' = Ot and 9' = 0-, 
the upper and lower sur face chord l ines;  t h e  boundary c o n d i t i o n s  f o r  t h e  r o t o r  
and t h e  s t a t o r  may be w r i t t e n  as 
= o  (USZ' - ?u2 usY')zl=o+ = O ( U S Z '  - ?L2 USY') z ' =o- 
where T ~ ~ ,  T ~ 
p o i n t  on a r o t o r  blade; T~~ and tL2 represent  the  corresponding q u a n t i t i e s  
a t  p o i n t s  on a s t a t o r  blade. 
these equat ions as 
a r e  the  chordwise slopes o f ' t h e  upper and lower surfaces a t  a 
S u b s t i t u t i n g  from equat ion ' (3 .1)  we can w r i t e  
7 
(3.4) 
which can be r e w r i t t e n  as 
l h e  matr tces K, L, U ,  V ,  r l ,  f2 are  de f i ned  i n  t h e  Appendix. From equa- 
t i o n  (3 .5 )  we ob ta in  the  basic flirnbaum C o e f f i c i e n t s  o f  t h e  i s o l a t e d  r o t o r  and 
s t a t o r  as : 
I t  i s  poss ib le  t o  c a l c u l a t e  the  aerodynamic parameters o f  t h e  r o t o r  and 
s t a t o r  f l o w  f i e l d  us ing  t h e  basic c o e f f i c i e n t s .  
4. THE RECURSION PROCEOUHE 
The Birnbaum c o e f f i c i e n t s  o f  t he  i s o l a t e d  r o t o r  and s t a t o r  were determined 
i n  sec t i on  3. I t  i s  poss ib le  t o  c a l c u l a t e  the  Birnbaum c o e f f i c i e n t s  o f  t h e  
r o t o r - s t a t o r  combination us ing  a recurrence procedure t o  be descr ibed i n  t h i s  
sec t ion .  When the r o t o r  and s t a t o r  a re  juxtaposed, t h e  p e r t u r b a t i o n  v e l o c i t i e s  
a t  the  r o t o r  and s t a t o r  blades may be w r i t t e n  
8 
s i n  e cos e 0 
r s i n  a 
= s i n  ar COS 8 - s i n  ar s i n  8 
-cos ar cos e COS ar s i n  8 
s i n  e cos e 
s i n  as 
- s i n  as s i n  8 
cos as s i n  0 -cos as cos e 
where & and Q a r e  the  modi f ied Birnbaum c o e f f i c i e n t s  w r i t t e n  i n  s e r i e s  form 
as 
Using t h e  equations (4.1)  and (4.2) ‘In t h e  boundary cond i t i ons  
equat ion (3.4), we o b t a i n  
K ( d ( 0 )  +AI) t d 2 )  t ...) t S ( @ ( O )  t ...) =VI 
L ( d ( 0 )  +&(I) t d ( 2 )  t ...) t T(@(O) tQ(1) t @ ( 2 )  t ...) =V2 
(4.3) 
n(&do) t&(l )  t&fW t ...) t U(@(O) t Q ( 1 )  +@(2)  + ...) =$?3 
N(&(O) t&(1) t d ( 2 )  t ...) t v ( @ ( o )  +@(2)  + ...) = ‘#4 
The f o u r  equations i n  equat ion (4 .3 )  may be w r i t t e n  convenient ly  as a p a i r  
o f  equat ions 
9 
From equation (3 .5 )  we can o b t a i n  do) and such t h a t  
equation ( 4 . 4 )  can be reduced t o  
We subst i tu te  these i n  equation (4 .5 )  and obta in  
K L ( d 2 )  td3) t ...) t ST d2) tsa‘3’  t$4’ t ...) 
-1 -1 
= -s,.$l) = t s  T V  u M N L  K r 1 
10 
( 4 . 8 )  
and obtain 
(4 .10)  
d2)  = - K i 1 s # l )  = t K L  - l S  T V  U-lM N L  K - l Y  1 
d2) = -U;’Mf(’) = tU;1MNK;1STU;1r2 
Subst i tut ing i n t o  equation (4 .8 )  we get  the revised equation 
KL(d3)  tJ4) t ...) t S T d 3 )  td4’ t ...) = -S.+d2)  
M N ( d 3 )  td(4) t ...) t Uv($3) td4’ t ...) = -Md2) 
(4 .11)  
from which using the same procedure as before we can obtatn 
&(3)  = -K;1S,$2) 
d3) = -U;1MiJP(2) 
The sequence of Birnbaum coefficients may be wri t ten as follows: 
g(0) = u-1r 
v 2  
Jo) = K - l r  
L 1  
= -KLIS.$’) @(’I = -U;’M,.f(O) 
.d2) I -KLIS,,$’) 
(4 .12)  
( 4 . 1 3 )  
I t  i s  observed t h a t  the successive terms of the sequence can be generated 
e a s i l y  by using the operators (KI~ST) and ( U V ~ M N )  repeatedly on 
the r e s u l t  of the previous recursion. 
Truncating the Birnbaum s e r i e s  a t  m = M+, we have (M*  t 1) coef f i -  
c i e n t s  f o r  each of the rotor and s ta tor .  Considering P* points on each s ide  
of a blade, we have 2P* equations to determine the (M* t 1) coef f ic ien ts  of 
the ro tor  and s t a t o r .  Therefore, we must have 2P* = M* t 1. T h e  matrices 
and r 2  a r e  KL, MN, ST, and Uv a r e  of order (2P* X 2P* 
of order (2P* X 1).  
i s  of order ( 2 P *  X 1). 
The Illatrices j , d ( 1 ) ,  . . . ., ~(8, ~ $ 1 1 ,  . . . . Each of the vectors 
The Birnbaum coef f ic ien ts  may be wri t ten a s  
11 
(4.15) 
which c l e a r l y  shows the  coupled na ture  o f  t he  r o t o r - s t a t o r  f l o w  and t h e  cor rec-  
t i o n  terms t o  the  respec t ive  Birnbaum C o e f f i c i e n t s  due t o  t h e  aerodynamic 
In te r fe rence .  The s t r u c t u r e  o f  t h e  matr ices K, L, M, and N I s  g i ven  i n  t h e  
Appendix i n  t runcated form along w i th  t h a t  o f  %‘I, @, Q, and %‘‘. Therefore,  
t h e  mat r ices  KL, MN, ST, and Uy along w i t h  r l  and I‘2 a re  g iven by t h e  
p a r t i t i o n e d  matr ices 
(4.16) 
I n  equat ion (4.16) we have K,b( Ra) Lao( Ra) Ra) Q( Ra) 9 Sa@( S a )  9 
Too( S a )  9 Uao( S a )  9 Vafi(S,) %‘la( Ra) v2=( Ra) 9 W3aCS a ,  1 and %‘4a( Sa) correspond- 
i n g  t o  the  po in ts  Ra and S a  on t he  r o t o r  and s t a t o r  b lade r e s p e c t i v e l y  w i t h  
a = 1.2.3 ,... P*, D 3 m t 1, m = 0,1,2,3 ,... M*.. 
Uv a r e  p r i m a r i l y  aerodynamic i n  nature w h i l e  t h e  matr ices r l  and r 2  a re  
p u r e l y  geometric represent ing t h e  b lade sec t i on  and t h e  stage c o n f i g u r a t i o n .  
The i n d i v i d u a l  elements o f  t he  aerodynamic mat r ices  K, L, M, N, S, T, U, V, 
and the  geometric c o n f i g u r a t i o n  matr ices %‘I, V-2, V-3 and %‘4 have been 
de f ined i n  the  Appendix. 
The mat r ices  KL,  MN, ST, and 
From the  simple recurrence procedure o u t l i n e d  above i t  i s  p o s s i b l e  t o  
o b t a i n  the  Birnbaum c o e f f i c i e n t s  o f  t h e  r o t o r - s t a t o r  combinat ion t o  any des i red  
approximat ion.  I n  the nex t  sec t i on  we s h a l l  o u t l i n e  a d i r e c t  method f o r  ca lcu-  
l a t i n g  the  Birnbaum c o e f f i c i e n t s  f o r  t he  r o t o r - s t a t o r  combinat-ion d i r e c t l y .  
5. THE D I R E C T  METHOD 
I n  t h i s  sect ion we s h a l l  ob ta in  the  Birnbaum c o e f f i c i e n t s  o f  t h e  r o t o r -  
s t a t o r  combination d i r e c t l y  by s a t i s f y i n g  the  boundary cond i t i ons  on t h e  b lade 
surfaces o f  t h e  r o t o r  and the  s t a t o r  s imul taneously  w i t h o u t  r e s o r t i n g  t o  recur -  
s ion.  For t h i s  we r e w r i t e  equat ion (4.4) as 
K L ~ +  ST@= r l  
M&+ uv@= r2 
which form a p a i r  o f  nonhomogeneous simultaneous equat ions f o r  .d and 8. 
Solv ing  the  two equations s imultaneously,  & and a re  g iven by 
12 
(5.1)  
The Birnbaum coefficient vectors d and @ given by equation (5.2) per- 
tain to the rotor-stator combination. 
form for the Birnbaum coefficients cr9 and @ given approximately in 
equation (4.15). 
For this we rewrite equation (5.2) using equation (3.5) as 
Equation (5.2) gives directly an exact 
We can relate the coefficients obtained by the two methods. 
where 9’ and are defined by 
-1 3?= “;’ST 9* = Uv MN (5.4) 
We can write equation (4.15) in a form similar to equation (5.3) by decou- 
pling the two equations. Thus, replacing 0 in equation (4.15a) by the second 
equation and solving for d and slrnilarly replacing d in equation (4.15b) 




ng equations (5.3) and (5.5) we have the following relation 
operators of the recursive method and the direct method. Thus. 
5) may be used to obtain the exact Blrnbaum coefficients d and 
ka; of the’rotor-stator combination using the basic coefficients d o )  
d o )  Using the results obtained above, it 
is possible to estimate the mutual aerodynamlc interference between the rotor 
and the stator. This will be descrlbed in the next section. 
and 
of the isolated rotor and stator. 
6. ESTIMATION OF MUTUAL INTERFERENCE 
In the above, we have calculated two sets of Birnbaum coefficients . d o ) ,  
d o )  and d ,  a. As mentioned earlier, the coefficients d ( o ) , @ ( o )  pertain 
to the isolated rotor and stator and have no aerodynamic interference effects. 
On the other hand, the coefficients d ,  @ pertain to the combined rotor-stator 
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configuration i n  w h i c h  aerodynamic interference e f f e c t s  a r e  present.  All the 
flow f i e l d  parameters o f  i n t e r e s t  can be calculated using the  Blrnbaum c o e f f i -  
c ien ts  appropriate t o  the  configuration considered. 
Interference i n  terms of the axial  velocity differences between the two config- 
urations.  The perturbation velocity a t  any point can be wri t ten as  the  sum of 
the perturbation veloci t ies  of the rotor  and s t a t o r .  
o r  = 0 and using equation (4 .1) .  the perturbation velocity 
( r l ,  e, q )  
We sha l l  def ine the 
Assuming f o r  s implici ty  
a t  any point 
of the combined flow f i e l d  can be wri t ten 
f x1 
io t 
S V ( r l  ,e,zl , t l )  = q + Y2 cos eh - Y3 s i n  Oh 
2 2 
Y s i n  eh t Yg cos Oh 
2 2, 2 \ 
sin eh t X s i n  eh 
1 3 1 
Y s i n  e, 
\2 
Denoting the four terms of equation (6 .1)  by Vro, V ~ O ,  Vis, V i r ,  the Per- 
turbation velocity vector vi can be wr4tten as 
3 
f i  
In equation i s  the perturbation velocity due t o  the 
i s  the Qterference velocity produced by the s t a t o r  on the  i so la ted  rotor  
6.2) ,  the term Gro 
olated rotor ;  d o  i s  the perturbation velocity due t o  the  isolated s t a t o r ;  
5 
eld;  and V i r  i s  the interference velocity produced by the  rotor  on the iso- 
lated s t a t o r  f i e l d .  The t o t a l  interference veloci ty  Vi may be wri t ten 
+ = q s  + q r  (6.3) 
The Interference fac tor  E may be defined a s  the r a t i o  of the  ax ia l  com- 
ponent of the combined f i e l d  t o  the sum of the ax ia l  components of the isolated 
rotor and s t a t o r  a t  the same point i n  the flow. Thus, we wr i te  E as 
1 4  
As expected, f rom t h i s  equat ion we observe t h a t  t h e  i n t e r f e r e n c e  f a c t o r  
c = (r l ,  e, zl, t l) i s  a p o i n t  funct ion which i s  p e r i o d i c  i n  t ime. 
7. DISCUSSION 
I n  the  recurrence scheme g i ven  above, i t  i s  p o s s i b l e  t o  I d e n t i f y  t h e  aero- 
dynamic i n t e r f e r e n c e  e f f e c t s  c l e a r l y  as opposed t o  t h e  d i r e c t  method. 
the less,  t h e  d i r e c t  method i s  a l s o  an e f f i c i e n t  method f o r  determin ing t h e  
Birnbaum c o e f f i c i e n t s  and thereby the aerodynamic c h a r a c t e r i s t i c s .  
methods discussed above enable us t o  c a l c u l a t e  t h e  o v e r a l l  aerodynamic perform- 
ance o f  t h e  stage f o r  a g iven a x i a l  and r o t a t i o n a l  v e l o c i t y  and a stage c o n f i g -  
u r a t i o n .  The c a l c u l a t i o n  process may be repeated f o r  changes i n  t h e  v e l o c i t y  
and c o n f i g u r a t i o n  parameters. 
t i o n  changes f o r  d i f f e r e n t  s t a t o r  blade angular p o s i t i o n s  ips f o r  a g iven 
r o t o r  b lade angle ipr. S i m i l a r  c a l c u l a t i o n s  f o r  o the r  c o n f i g u r a t i o n  changes 
between t h e  r o t o r  and s t a t o r  may a l s o  be made. From a knowledge o f  t he  
Birnbaum c o e f f i c i e n t s ,  i t  i s  poss ib le  t o  c a l c u l a t e  t h e  d i s t r i b u t i o n  o f  p e r t u r -  
b a t i o n  pressure A P r  and APS on the upper and lower sur face o f  t h e  blades 
c o n t a i n i n g  t h e  the  aerodynamic i n t e r f e r e n c e  e f f e c t s  
Never- 
Both t h e  
Thus, I t i s  p o s s i b l e  t o  c a l c u l a t e  t h e  per turba-  
We d e f i n e  t h e  dimensionless a x i a l  and t a n g e n t i a l  f o r c e  c o e f f i c i e n t s  C F Z  
and CFe and the  power c o e f f i c i e n t  Cp as 
The a x i a l  f o r c e  c o e f f i c i e n t s  CFRZ and C F S Z  per  u n i t  b lade span per 
blade o f  t he  r o t o r  and s t a t o r  a r e  glven by 
1 5  
- N  
- = -  ApU sin(ar - c ) - Ape sin(ar - ere)} sin d o  ru d C ~ ~ z  dr 
1 
N N  - -  APu Sln(a S - E su ) - Ape sin(as - e 
while the tangential force coefficients C F R ~  and CFSe per unit blade length 
per blade are given by 
- = -  d C ~ ~ ~  
d r l  
ApU cos(ar - c - Ape cos(ar - ere)} sin ru 
YM2 -6’1 
( 7 . 4 )  
- = -  APu COs(as - E ) - Ape cos(a - c Sk ) }  sin 2; d: su S 
d C ~ ~ ~  
d r l  
The power coefficient Cp o f  the rotor is given by 
- -  2cR f I’ 1 AP, cos(ar - c ) - Ap COS(ar - ere) sin w do drl 
R*yM hr o 1 2 ru e cp = - 
-1 -1 -1 -1 
E = tan fL2 Sk E = tan T~~ s u  E = tan T~~ tre = tan fLl ru 
The upwash velocity of the rotor-stator combination is given by the velocity 
component e), and may be written as 
The circulation dlstribution over the blade span can be obtained by integrating 
the pressure normal to the blade chord and is given by 
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8. CONCLUSIONS AND SUMMARY 
Using an acceleration potential method and the lifting surface theory, two 
methods, a recursive and a direct method, for solving the mutually interacting 
aerodynamic problem of rotor-stator combination have been outlined for deter- 
mining the blade loading and other characteristics of an axial compressor stage 
with the rotor placed ahead of the stator and each with a finite number of 
blades. 
rotor and stator separately for an unknown distribution o f  surface pressure 
loading on the blades. The blade surface loading has been represented by a 
modified Birnbaum-Glauert series with unknown coefficients. In the recursive 
method, a set of basic Birnbaum coefficients is obtained by satisfying the con- 
dition of flow tangency on both sides of the rotor and stator blades individu- 
ally. The successive values of these coefficients are obtained to any desired 
accuracy by a systematjc matrix procedure on the basic set of coefficients to 
account for the effects of rotor-stator interference. In the direct method, 
on the other hand, the final values of the Birnbaum coefficients are determined 
by a single matrix operation satisfying all the surface flow tangency condl- 
tions simultaneously. The relation between the two methods has been shown by 
relating the corresponding matrix operators. The Birnbaum coefficients .d 
and of the rotor-stator system have been related through the matrix opera- 
tors to the basic Birnbaum coefficients d ( 0 )  
rotor and stator. Expressions have been given for calculating the perturbation 
veloctties, the circulation distribution along the blades, the axial and tan- 
genttal forces on the blades and the power required by the rotor , using these 
coefftcients. 
Expressions have been given for the resultant pressure field of the 








R* = M/M 
r2 = "Tktrl 
'hr 9 'hs 
r t r s r t s  
t 
NOMENCLATURE 
arbi t rary constant of in tegrat ion equation (3.1) 
free stream speed of sound 
arbi t rary constant of integrat ion equation (3.1) 
blade chord 
arbi t rary constant o f  integrat ion equation (3.1) 
arbi t rary constant of integrat ion equation (3.1) 
rotor-and s t a t o r  ( h u b / t i p )  radius r a t i o  
Bessel function of the f i r s t  k i n d  equation (2.3) 
rotor and s t a t o r  circumferential mode numbers 
generalized Laguerre function, of degree a and order b 
equation ( 2.3)  
Mach number of axial  flow velocity = Wa/a, 
rotor t i p  Mach number = Ortr/a, 
Mach number of swirl component a t  rotor  e x i t  
number of Birnbaum ser ies  coef f ic ien ts  considered 
radial pressure functions of rotor  and s t a t o r  
perturbation ve loc i t ies  of the rotor  i n  the hel ical  coordinate 
system 
perturbation ve loc i t ies  o f  the s t a t o r  i n  the  hel ical  coordinate 
sys tem 
charac te r i s t ic  radius of rotor 
s ta tor  t i p  radius/rotor t i p  radius 
position vector o f  a point i n  cy l indr ica l  coordinates 
dimensionless radlal  coordinate 
radius parameter defined i n  equation (2.3)  
hub radius of rotor and s t a t o r  
t i p  radius of rotor and s t a t o r  
time 
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dimensionless t i m e  
c h a r a c t e r i s t i c  t i m e  parameter 
l o c a l  v e l o c i t y  vector i n  c y l i n d r i c a l  coord lnates (r,e,z) 
p e r t u r b a t i o n  v e l o c i t i e s  o f  r o t o r  
p e r t u r b a t i o n  v e l o c i t i e s  o f  s t a t o r  
c i r c u m f e r e n t i a l  v e l o c i t y  o f  f l u i d  f o r  r o t o r  and s t a t o r  
(r,e,z) Components o f  p e r t u r b a t l o n  v e l o c i t y  o f  r o t o r  and 
s t a t o r  
Wr ~ W S  a x i a l  v e l o c i t y  o f  f l u i d  f o r  r o t o r  and s t a t o r  
y k ( r )  Neumann f u n c t i o n  o f  order  k 
Zro 9 Zso a x i a l  p o s i t i o n  o f  m id - ro to r / s ta to r  p lane f rom reference 
o r i g i n  
Zr1sZr-2 a x i a l  coord inate o f  r o t o r  l ead ing  and t r a i l i n g  edge 
ZSI 9Zr2 
Z r  VZs 
a x l a l  Coordinate o f  s t a t o r  leading and t r a i l i n g  edge 
number o f  b lades in r o t o r  and s t a t o r  
Z1 = z / r t r  dimensionless z coord inate 
upper sur face ord inate o f  r o t o r  and s t a t o r  blade p r o f i l e  
Z i r  9 zis 
Z2r9z2s 
lower sur face ord lnate o f  r o t o r  and s t a t o r  blade p r o f i l e  
mean l i n e  o rd ina te  of r o t o r  and s t a t o r  b lade p r o f i l e  
l o c a l  h a l f  thickness o f  r o t o r  and s t a t o r  blade p r o f i l e  
parameter def ined l n  equat ion (2.6) 
O r  c a s  stagger angle o f  ro to r '  and s t a t o r  blades 
a2 r 
8 = ( 1  - M 2 ) l l 2  
82 = (1  - M $ ) l 1 2  
QPr 9 QPs 
e x i t  blade angle o f  r o t o r  
P rand t l  parameter 
parameter used i n  equat ion (2.5) 
n e t  pressure d i f f e r e n c e  on r o t o r  and s t a t o r  
c r o t o r - s t a t o r  i n te r fe rence  f a c t o r  
Y r a t i o  o f  s p e c i f i c  heats o f  gas 
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e Azimuth angle of field point in cylindrical coordinate system 
Y* 
strength of local rotor/stator bound vortex 
azimuth angle of pressure pole/dipole on rotor, stator blade 
mean offset angle of first rotor and stator blade 
normalized rotor eigenfunction of mode number k and P-th 
eigenvalue 
rotor subsonic pressure function equation (4.10) 
normalized stator eigenfunction of order k ,  degree 
and , Q-th eigenvalue 
stator subsonic pressure function 
radial position of pressure pole/dipole on rotor, stator 
blade 
Glauert angle of blade defined in equation (2.9) 
1-th radial eigenvalue of rotor of circumferential mode 
number k 
1-th rotor axial eigenvalue of mode number k 
stator radial eigenvalue 
axial coordinate of rotor/stator pressure pole 
angular frequency of oscillating rotor/stator pressure pole 
( rad /s ec ) 




unit vectors along (x,y,z) directions 
cylindrical coordinates 
local helical coordinates 
APPENDIX 
The func t ions  . . . . . . . S 6  i n  equat ion (3.2) and the  c o e f f i c i e n t s  
Kr and KS contained i n  i t  are  def ined by the  f o l l o w i n g  equat ion (A-1)  
6 
MM 'kk n fo  = 2 t i~ sgn Z, 
f o f 2 e  iT1 dZ1 
- f tan  a2r kr f 2  = p, 0 
f 2 e  T1 dZ1 
u1 = z 1 / s i n  ehl 
u2 =(q '1 cos eh2 + s i n  e,)~, 
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tan ehl = M / k l  
4 = 405 
4 = 5 0 ' 4  
f 4  = 






o tan  as ,T3 
e 5 
k S  
3 1. 5 f 5 e  I T 2  dZ1 
R2* 
l 1  f 2 e  I T 1  dZ1 
s i n  e h2 (f5eiT2 - iosg4  ) 
z1 
'ro R* 
= e - -  
A 
zs = .zl 
tan  eh2 
- c s  
= M/(Arl - M,) = ( c o t  ehl - tan a2r)  -1 
z1 
f 7  = 
A 
tan  as sgn Zs  
A I T  
f5sgn Z,e 2dZ1 
- f 7 )  g6 = s i n  3 eh2 (c 1 cot  2 eh2 - r 
2* 
z1 2 2 2  
R2* "ka = 'kt - o2 






R, = M/R 
- io  a %tl s 2  e ZSe 4 8 4  tan Q~~ 
s i n  8 h 2  
1 
M = Mmr + Hkr 
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The matr ices K, L, M, N, S, T, U, and V a re  expressed by a l i n e a r  
combination of t he  func t ions  XI, X2, X3, Y1, Y2, and Y3 us ing  
t h e  c o e f f i c i e n t s  A i j .  The m a t r i c e s  K, L, M, N, S, T, U, V, and 
c o e f f i c i e n t s  A i j  a re  g iven i n  equations (A-2) and (A-3)  as fo l l ows :  
L = f2  = A21X1 + A22X2 + A,,x3 T 92 = A24Y1 + A25Y2 + A26Yg 
(A-2) 
= A Y + A35Y2 + A36Y6 = 93 34 1 = A x + ii x + AsSx3 31 1 32 2 M = f3 
fill.= cos e (T,,~ s i n  ar + cos ar) 
A,, = s in  ehl(TU1 cos ar - s in  Or) - s i n  0 cos ehl(iU1 s in  a,. + cos ar) 
A, = cos ehl(Tu1 cos ar - s i n  ar) + s i n  e s i n  ehl(TU1 s i n  ar + cos ar )  
A, = cos e (T,,~ s i n  ar + COS ar) 
A, = s i n  eh2(Tu1 cos ar - s i n  Or) - s i n  e cos 8h2(Tu1 s i n  ar + cos ar) 
V, = s i n  e c o t  e (T h l  U1 s i n  ar + cos Or) - (lU1 cos a r - s i n  Or) 
A,, = cos e(rU2 s i n  as + COS a s )  
A32 = s i n  ehl(TU2 cos as - s i n  as) - s i n  e COS ehl(Tu2 s i n  as + cos as) 
A,, = cos e (T cos a - s l n  as) + s i n . 8  s i n  ehl(Tu2 s i n  a S + cos as) 
A,, = COS e(Tu2 s i n  as + COS as) 
A,, = s i n  8h2(TU2 cos as - s i n  as) - s i n  e cos ehz(Tu2 s i n  as + cos as) 
ii36 = cos eh2(TU2 cos as - s i n  as) + s i n  e s i n  ehz(Tu2 s i n  as + COS as) 
h l  U2 S 
V, = s i n  e c o t  eh2(Tu2 s i n  as + COS as) - (.cU2 COS a S - s i n  as) 
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A, = cos 6 (lL1 s i n  ar t C O S  ar) 
A, = s i n  ehl(lL1 cos ar - s i n  ar) - s i n  e cos ehl(TL1 s i n  ar t cos ar) 
A, = cos ehl(TL1 cos ar - s i n  ar) t s i n  e s i n  ehl(TL, s i n  ar t cos ar) 
A, = C O S  6 (iL1 s i n  ar t C O S  ar) 
= s i n  6 ( T  cos ar - s i n  ar) - s i n  6 cos 8h2(TL1 s i n  ar t COS ar) 
A, = C O S  6 h2 (T L1 cos ar - s i n  ar) t s i n  6 s i n  8 h 2 ( i L 1  s i n  ar t C O S  ar) 
v2 = s i n  6 c o t  ehl(TL1 s i n  a r t C O S  ar) - (iL1 C O S  ar - s i n  ar) 
A,, = cos 
A,, = s i n  ehl(TL2 cos as - s i n  as) - s i n  e cos ehl(TL2 s i n  as t cos as) 
A, = cos e (T - s i n  as) t s i n  6 s i n  ehl(TL2 s i n  as t cos as) 
A, = cos e(TL2 s in  as t C O S  as) 
h2 L1 
s in  as t C O S  as) 
cos a h l  L2 S 
= s i n  eh2(TL2 cos as - s i n  as) - s i n  6 cos eh2(TL2 s i n  as t cos as) 
= cos e h2 ( T  L2 cos as - s i n  as) t s i n  6 s i n  eh2(TL2 s i n  ai t C O S  as) 
= s i n  6 c o t  eh2(TL2 s i n  as t cos as) - ( T ~ ,  C O S  a S - s i n  aE) 
(A-3) 
26 
The schematic s t r u c t u r e  o f  the matr ices K,  L, ... U, and V f o r  
determlnlng t h e  (Me + 1 )  Blrnbaum c o e f f l c l e n t s  o f  t h e  r o t o r  and s t a t o r  i s  
shown I n  equation ( A - 4 )  below: 
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